In the beginning are defined right differential operators for noncommutative algebras. Differential operators give rise to right derivations, jet and Kahler modules for noncommutative algebras, differential separability and differential inseparability (called differentially stacked). Differential separability is related to the abelianized algebra being separable, Differentially stacked is related to pure inseparability of noncommutative algebras. As in the commutative case £&/(M, -) has a universal representing object. A right Λ-module J n (M) together with j n e & Λ n (M 9 J n (M)) where for each fe& Δ *(M, N) there is a unique F e Kom Λ (J n (M) , N) with Fj n = /. The key to dropping the commutativity requirement on A is the introduction of the opposite algebra A and the enveloping algebra A e -A® A. A fair amount of our first section is an adaptation of [3, §2, p. 210-220] to the noncommutative, a process of discovering which A's to leave and which must become A's.
The (jet) modules J n (M) depend on Z n (A)-&n A-bimodule-in that J n (M) = M® A J % (A) an isomorphism preserving universal properties. A is right differentially separable if for all n (or n = 2) (j n , J n (A)) - (7, A) . This is equivalent to & A (M, N) = Hom^(M, JV) for all n and right A-modules M, N. In other words there are no interesting (non A-linear) right differential operators. The opposite 328 MOSS E. SWEEDLER extreme is when for some n (L, UA)) ~ (A^^l A', A') .
In this case A is called right n-differentially stacked which is strongly related to pure inseparability as shall be seen. A beinĝ -differentially stacked is equivalent to & A m (M, N) = Hom(M, N) for all m^n and right modules M, N. In other words all maps from M to N (linear with respect to the ground ring not A) are differential operators of order n.
Our second section is devoted to characterizing right differentially stacked algebras. The notion of not necessarily commutative purely inseparable algebra is defined in [5, Definition 1, p. 343] . A finite dimensional algebra over a ground field is purely inseparable if and only if mod its Jacobson radical it is a purely inseparable field extension. [7, Corollary 13, p. 353] .
The main result of section two is the equivalence of the following three conditions for a finite dimensional algebra A over a ground field:
( i ) A is a purely inseparable algebra, (ii) {zeA e \z = i(g)a -ά (x) 1 for a e A} lies in the Jacobson radical of A e .
(iii) A is right ^-differentially stacked for some n. Three and four are short sections giving the behavior of J n (A) with respect to algebra maps A -> B and base extension.
in the sixth section right differentially separable algebras are characterized. Suppose A is an algebra over ground ring R. Let 3^ be the commutator ideal, i.e., the two-sided ideal generated by {x e A I x = ab -ba, α, b e A} so that A\^Γ is A "abelianized". The main results concerning right differential separability are:
If R is semi-simple and A separable then A is right differentially separable.
If A is commutative and A ® R A Noetherian then A is separable if and only if A is right differentially separable.
If A is right differentially separable then A\^Γ is right differentially separable.
If the Kahler module of A is a finitely generated A-module and A\3^ is right differentially separable then A is right differentially separable.
If R is Noetherian, A contains a finitely generated subalgebra B and A is generated as an algebra by B and the elements of A which are invertible with inverse in B then A is right differentially separable if and only if A\3^ is separable. In particular finitely generated algebra over Noetherian rings are right differentially separable if and only if abelianized they are separable.
Right derivations-mentioned earlier are the main tool used to characterize right differential separability. An interesting example of right derivation arises from skew commutative graded algebras such as the exterior algebra. For such an algebra, projection onto the odd graded part is a right derivation.
A Kahler module exists for right derivations, being a right A-module K A and right derivation d: A -> K A with the property that for any right A-module M and right derivation g: A -»M there is a unique right A-module map G: K A^> M with dG = g. Right differential separability of A is equivalent to K A -{0}. Among results about K A is a finite generation theorem which asserts that K A is a finitely generated A-module if A is generated as an algebra by a finitely generated subalgebra B and elements of A having inverse in B. This is not a surprising result since on inverses a right de-
Like derivations the kernel of a right derivation is a subalgebra. Unlike derivations, right derivations vanish on commutators, [α, &] = ab -ba. Which is why A "abelianized" comes into the characterization of right differential separability.
If M is a right A-module Hom(A, M) is an A-bimodule. We show how the right derivations from A to M naturally correspond to a submodule of the ordinary derivations from A to Hom(A, M) and characterize the submodule. This technique is used to consider the matter of extending a map defined on a subset of an algebra to a right derivation of the algebra.
One of the most interesting and important theorems about right derivations yields a factorization. If U is a simple ring with all commutators central then U is commutative. We include a snazzy proof, (5.21) .
One corollary to the factorization theorem is that a semi-simple algebra with faithful Kahler module is commutative. In particular a simple algebra with nonzero Kahler module must be a field. We systematically work with right differential operators and right derivations. The left analogue is mirror. Conditions (i) and (ii) of (2.1) the characterization of right differentially stacked algebras do not depend on right or left. Hence being right differentially stacked is equivalent to being left differentially stacked for finite dimensional algebras over a field. The same is true-to some extent-for characterizations of right differentially separable algebras in § 6. However, in this paper we do not systematically compare right differential conditions with left differential conditions.
Thanks to Alex Rosenberg for suggesting the condition (ii) in the characterization of right differentially stacked algebras (2.1).
The most interesting order in which to read the paper is § 5, §6, § 1, § 2, § 3, § 4. The logical gaps are off-set by the greater motivation and interest of the material. Thus if M happens to be a module for several algebras all the underlying ϋί-module structures are the same (as the original iϋ-module structure on M).
Much of the treatment of differential operators in [3] generalizes to noncommutative algebras. We present the generalization giving references to [3] .
For any right A-module L and a e A, let a r e Hom(L, L) be defined by [3, (2.1.1, b) , p. 210 ] that "the associated graded algebra is commutative" is not correct. For example if A is a field and M a vector space of dimension at least 2 then u?j(ikf, M) -End^M which is not commutative. What is correct is that the elements of positive degree in the associated graded algebra are central; i.e., all the noncommutativity occurs in degree zero. This correction and all the rest of [3, (2.1.1) 
Proof, (a) HaeA,ueHom(M, N) ,veHom(iV, P), the first part of (a) follows by induction on r + s using the identity:
The second part of (a) then follows from the first since [u, v] e &j (M, M) . Using the identity:
( 1.4) [ [u, v] [v, <|] for u f v 6 Hom(.M, JV) the second part of (b) follows by induction on r + 8 where r + s ^ 1.
This identity gives (c) by induction on r + s.
For an algebra A let A denote the "opposite" algebra where
is identified with
A by means of the algebra isomorphism =: A >A. As in [2, p. 167 ] A e = A (x) A is called the "enveloping algebra" of A. The two maps
are algebra maps. Σtt® «*)
• 1-l®α,) .
Since Dakerμ a left ideal this proves (a). (b) follows from (a).
(c) follows by induction on m.
Let M, N be right A-modules and u e Hom(Λf, N) for O^^eZ. The following conditions are equivalent:
(
Proof. By the inductive definition of s%rj(M, N) and the identity ( 1.8 (1) and (2) (1) and (2) 
for /e Hom(M, N), a e A, zeA(g)M.
is a left A-submodule of A ® ikf and the left A-module structure on J n (M) is the natural quotient module structure. The left A-module structure on J n {M) gives J n (M) a right A-module structure.
(J n (M), j n ) is the appropriate variation of the "J" defined in [3, p. 214] for the noncommutative case.
UNIVERSAL PROPERTY THEOREM 1.17 [3, (2.2.6, a) 
If J n {M) has the right A-module structure arising from its left A-module structure then j n e £&/ (M, J n 
(M)).
If N is any right A-module and u e ^A n (M f N) then there is a unique g e Romj(J n (M), N) = Rom A (J n (M) , N) with gj n = u. Thus the map
Proof. If A (x) M has the right A-module structure arising from the left A-module structure and α, a e A, ξ e M
is the unique element of Hom^A 0 M, N) with n e ξ = u. By ( 1.15 )
and D n+1 -u = 0 by (1.12). Hence w e vanishes on kerπ and there is a unique element # e Ή.omj (J n (M) 
Let us examine J n (A).
This is a left ideal. The left A e -module structure on J n (A) gives rise to left A and A-module struct ures from the algebra maps A-^> A e <?-A. This left A-module structure is the same as in ( 1.16), (1.17) . The left A-module structure on J n (A) may be used to give an algernate construction of J n (M) for a right
.18. For a right A-module M there is a unique left A-module isomorphism ψ: J n (M) -> M ® A J n (A) making the diagram commute \ UM)
Hence M® A J n {A) together with M 7^"^^ M® A J n (A) has the same universal property as (J n 
Apply M ® A -to the exact sequence.
to obtain the exact sequence:
Using ( 1.19) 
. This gives the left A-module isomorphism
with the commuting diagram.
Recall ( (b) The following conditions are equivalent: (b) By ( 1.16 ), the definition of J n (A) and a remark above (1.20) , (i) is equivalent to (iii) and (ii) is equivalent to (iv). By (1.18) the universal property of (J<(A), j\), (iii) is equivalent to (vii) and (iv) is equivalent to (viii). Clearly (v) implies (vii) and (vi) implies (viii). By (1.18), (vii) implies (v) and (viii) implies (vi). We have established: By the universal property of (J n (A), j % ) it follows that πf is the identity map. Since / is surjective π must be injective. Hence
2. Right differentially stacked algebras* Throughout this section the ground ring R is assumed to be a field. In [7, 1, p. 343] Suppose R has positive characteristic p. Suppose K is a purely inseparable field extension of R of exponent s, i.e., We are reduced to showing that if A is a field which is right -differentially stacked then A is a purely inseparable field extension. Let S be the unique maximal separable extension of R in A. Since and A is (2nt + 2ί -n -2) -differentially stacked, proving (iii).
Proof, (ii) => (iii). Since A is finite dimensional so is
4* Base extension* Throughout this section S is a commutative iϋ-algebra. If A is an J?-algebra, S® A is an iS-algebra and an iϋ-algebra. Thus J n (S(x) A) as an lϋ-algebra or as an 5-algebra both make sense and are different in general. (S ® A) e as an i?-algebra or S-algebra make sense and are different in general. Any S-algebra Szf is naturally an ϋ?-algebra and J^e has ambigious meaning. To avoid confusion we shall tack an S onto symbols (functors) when working with S-algebras and there will be no S when working as iϋ-algebras. Thus is defined in [1, §9, (8), p. 37 ]. The map is bijective when X is a finitely generated projective i2-module. (4.1) becomes
which is an isomorphism if X is a finitely generated projective j?-module.
There is a natural isomorphism S (x) A e -> (S ® A) e s where
We apply S(x)-to the exact sequence 
is right differentially separable then S (x) A is a right differentially separable S-algebra. If S is faithfully fiat R-module and S (x) A is a right differentially separable S-algebra then A is right differentially separable. (d) If A is right n-differentially stacked then S ® A is right n-differentially stacked as an S-algebra. If S is a faithfully flat R-module and S 0 A is right n-differentially stacked as an S algebra then A is right n-differentially stacked. (e) If M, N are right A-modules there is a natural map S® &/(M, N) > £^S%A,S(S ®M,S®N) βi®/ >(s 2 0m\ >s 1 s 2 0f(m))
which is bijective if S is a finitely generated projective R-module.
Proof, (a) may be verified directly or follows from (b) and ( 1.18 
L,sJL
Thus if (4.7) is an isomorphism so is (4.7) 5 and S(x)A is a right differentially separable S-algebra. Conversely if (4.7)^ is an isomorphism and S is a faithfully flat lϋ-module then from (4.8) it follows that (4.7) is an isomorphism and A is right differentially separable.
(d) A is right ^-differentially stacked if and only if the natural map
is an isomorphism by (1.20) . Using (4.3) we have the commutative diagram (4.9)
Thus if π is an isomorphism so is π s and S (x) A is right ^-differentially stacked as an S-algebra. Conversely if π s is an isomorphism and £ is a faithfully fiat 5-module then from (4.9) π must be an isomorphism and A is right ^-differentially stacked.
(e) The given map factors
where the map (a) is given to part (a) of this lemma using £ (x) N for N in part (a). The map (a) is bijective and (4.2) is bijective when X = S is a finitely generated protective .^-module. 
which is g\a) applied to b.
(ii)=>(iii). h may be chosen as g. Furthermore by (ii) g\l) = δg(l) = 0. And g\ϊ) = 0 implies g(l) = 0 since g(ϊ) is ^z(l) applied to 1. (ii) =* (iv), since g ι = δ^ an inner derivation. Write α x a n as (c^ a n -x )a n and use the right derivation property and inductive hypothesis to get the case n. (6, i). Both g(ab) and g(ba) equal #(α)6 + #(δ)α since addition is commutative.
(ii). By (a, vi)
Using the right derivation property and (a, vi) again α Λ .
Σ 9(a>i)a>i ••• a t a n c .
Equating (*) and (J) and cancelling the g(c)a x a n terms gives (5.6) Σ θMcaj, α< a n = Σ ^(^^ α< a n c i a n = Σ ί=l which is the same as (b, ii).
which gives the desired formula.
(b, iv). For l<^neZ the result follows from (a, vi) with aa λ = α 2 = = a n . If a is invertible and -2^>neZ write a n -(or 1 )-" and use what we have shown so far (since 2 <: -neZ) together with (b, iii). (b, v 
: A->M is a right derivation. is a fright derivation
Proof. (i)«(ii). Since Jfef-+Hom(A, M) is injective if d(A)(zM
Subtracting the common term c£(α)(l) δ leaves
Hence d = <5d (1) .
As mentioned earlier there is a Kahler module for right derivations which we now develop.
Recall ( 4, b, (ii) ). u, v]x -[u, vx] -v[u, x] Proof. Separability of A is equivalent to A e D beidg generated as a left ideal by an idempotent element. We briefly sketch a proof of this equivalence. The proof of the proposition begins in ernest below (6.2) .
A being separable is equivalent to A being a protective A e -module. This is equivalent to the existence of a splitting (as left ^4 (d) If A and hence A e are commutative and A e D is a finitely generated ideal equal to its own square then by [4, Theorem 76, p. 50] , A e D has an idempotent generator. Thus by (6.2) A is separable and (ii) implies (i). We have already shown in (a) that (i) implies (ii) and in (c) that (ii) and (iii) are equivalent.
(b) Suppose A is separable and R is semi-simple. We show that all right derivations of A are trivial so that A is right differentially separable by (5.12, b) . We must use (a) and (c) which have already been established.
Suppose M is a right A-module and g: A -> M a right derivation. Use the decomposition theorem (5.16 ) to obtain the factorization (5.17)
To show g is zero it suffices to show that g r is zero since they have the same image. Since A is separable so is A/^g.
Since R is semi-simple, Aj^g has radical zero by [2, Proposition 7.6, p. 179] Hence by (5.16, c, iv 
